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Abstract

R

We give a review of the one-loop divergences in higher-derivative gravity theories. We first make the
bilinear expansion in the quantum fluctuation on arbitrary backgrounds, introduce a higher-derivative gauge
fixing, and show that higher-derivative gauge fixing must have ghosts in addition to those naively expected.
We give general formulae for the one-loop divergences in such theories and give explicit results for theories
with quadratic curvature terms. In this calculation, we need the heat kernel coefficients for the four-derivative
minimal operators and two-derivative nonminimal vector operators, which are summarized. We also discuss
the beta functions in the renormalization group and show that the dimensionless couplings are asymptotically
free. The calculation is also extended to the theories with arbitrary functions of R and wa . We show that the

result is independent of metric parametrization and gauge on shell.
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Introduction

515

The study of quantum effects in gravity started with the seminal work of 't Hooft and Veltmann [1], in
which one-loop divergences were first studied. It was shown that there exist divergences in the quadratic cur-
vature terms, but these counterterms were shown to be transformed away by a field redefinition. However it
was shown later the Einstein gravity is nonrenormalizable at two loops [2]. It was further shown that gravity
theory containing quadratic curvature terms is a renormalizable theory [3]. Since this theory contains curva-
ture squares and four derivatives, we refer to such theories as quadratic, four-derivative, or higher-derivative

gravity. Unfortunately the theory is probably nonunitary in perturbation theory, but see [4] for discussions.

S0 B F RO BT A6 TR RK Ct Hooft) AT /R%F & (Veltmann) FJFOITE T [1], L LAEE
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The actual calculation of one-loop divergences in the four-derivative quantum gravity involves some com-

plicated techniques. We use the technique of background field method by separating the quantum fields into



backgrounds and fluctuations and integrate over the fluctuations. To really do this at one loop, we have to
know the bilinear forms in the fluctuation fields of all relevant terms, such as Weyl curvature square, scalar
curvature square (or other combinations, like Ricci curvature square and Riemann curvature square), and

Einstein-Hilbert term.

RN SBE T 5 PR RE R R ERE S8 /50, BIERABERETTE KR
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The next step is to gauge fix the theory. Typically this also involves introduction of the Faddeev-Popov
(FP) ghosts which were first discovered by Feynman [5], and introduced in more formal way by DeWitt [6],
and later elegantly formulated by Faddeev and Popov [7]. When higher-derivative gauge fixing is chosen,
this leads to a complication; in addition to those naively expected [8], we have to include additional ghost
contribution [denoted as Tr log Y in Eq. (1)] first noticed in [9,10] and derived at the one-loop level in [11].
Here instead of examining the one-loop result, we give a more elegant derivation of all the ghosts based on
the symmetry principle [12].

PP RANEISHMMTEEIE, XDl IETHR S NIEFEIR K- (FP) 7 R RHT 2
KIL[5], MR BRI REIA T E, JERIEFEIRRAR RS T IHERTE S UL RIR (7],
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HSERR T BREIRTROHE S RSO BREISS SRS T b, TR T AR LIRSS AT A AR —
PUHERIHES: [12].

The general formula for the divergences is then schematically given as

K BRH— BB 2R A ZE S

Cgiv = % Trlog #€ — Trlog Agy — % TrlogV, (1)

where the trace is meant to sum over the spectra of the operators, and the first, second, and last terms
are the contributions from the graviton, FP ghosts, and additional ghosts, respectively. To calculate this, it
is most convenient to use heat kernel technique, which is explained here in some details. The calculation
involves fourth-order minimal operators in the tensor sector and second-order nonminimal operators for the
ghosts. We give the necessary formulae to evaluate these [13, 14]. Then we sum all the contributions to find
the one-loop divergences in the quadratic gravity theory. We mention that there is also the technique called
Schwinger-DeWitt method, which is basically the same as the heat kernel technique [15]. There were some
mistakes in the early calculations of the logarithmic divergences [8-10], and the correct results were given in
[16].
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As a simple application of the technique, we also study general higher-derivative theory including an
arbitrary function of Ricci tensor squared and Ricci scalar curvature in a very general parametrization with
arbitrary gauge fixing. We will find the general result for this case and show that on shell, it depends on

neither the parametrizations nor gauge parameters.
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Bilinear Expansion of Quadratic Terms

—IRBDNERPE T

We will consider the Euclidean actions of the general form

BATRWTFEAN N — R IR LS R &

1
S= /ddx,/_—g[ﬁ(zA—RHaRz+5R,2m+nywM], @)

where k2 = 167G is the d -dimensional gravitational constant, A is the cosmological constant, and «, 3,y
are the higher-derivative couplings. Though we consider d = 4 when we give the results for the divergences,
here we give the results for general dimension d . It is sometimes more convenient to use a different basis for
the higher-derivative terms, namely, R? , the square of the Weyl tensor

Hix? = 167G 72 d 51N HE, ABTFHERY, of,y B8 SEEEHE. BATMNAHL
AUASRINRIRAEE N d = 4, (HAXRAHRAEE d THUZER, MakSBoms, RS —4
HANZETME, MR, WiteEsMRKENIF

4 2
2 _ p2 _ 2 2
= Ruwep ~ g5 00 Y g y@— ™ ®)
and the Gauss-Bonnet combination
DA Si-fENAE S
E=R: qp — 4Riw + R, 4)



which is topological for d = 4 and vanishes identically for d = 3. Conversely we have

BTE d = 4 4R 4RHNI, 1R d = 3HEEEFTZ, OKREATE

2 o _d=2, 1 1 pepz = 422 o _py,__ 4w
Rivas = 73C c1—3E4'd—1R’Rm“'4aL-$(C E)+4(d—1)R'
(5)
Then the action has the alternative form
K1 &2 AT PARR S Oh o — R 2K
S = tﬂhﬁgLLQA—RHHL@—1E+lW (6)
x2 22 P & r
where
Hrp
2(d-3 4(d-3 4d-1
1=—2@-3 o _4d=3 . d—-1) . )
(d-2)(B+4y) d-2)+4y 4d—-1a+dp+4y
or conversely
SRS KA AT A Rk
1 1 1 4 2 1 1
et itana-arf T @ T et ®

Note that in d = 3,C? and E both vanish identically. The couplings 4, p , and £ have mass dimension
4 — d . In dimensions higher than three, it is customary to define the dimensionless combinations

EREd=3CPME%, ZHEESFETE, MEFHALoMENRBERNN4—d, E=HD L%
g, R RE ITERNAS

__@d-1a
= .
We will apply the standard background field method, expanding the metric as

A
6=-.
’ 9

BATRERAIFMER) T 52477518, TERLRTT N

8uv = g,uv + h,uv- (10)

In order to derive the effective action at the one-loop level or to calculate the one-loop beta functions,
we need the expansion of the action to second order in hy,, . For this purpose, it is useful to first make the
expansion of curvatures in the fluctuations, which are summarized in Appendix "Expansion of Curvatures

up to Second Order.”
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Using the formulae given in ”Expansion of Curvatures up to Second Order,” we find that the terms pro-

portional to a can be written in the form

A “HERBIZFAIRIT” PAHIAR, BATLBLELT o AR IS I MR

aht? [§u§v§a B~ g;w[ﬁoﬁﬁ - g_a,@§/1§v|:| + g/wg_oc[;’DZ - Rg—uﬁgagu
_ _ — — — 1-,_ o __
- (ZR,uv - Rguv) Vocvp’ + ZRuvgocBD + ER (gyotgvﬁ - g,uvgozﬁ) O- RRaﬁgyv

. _ 1 _
+2RR 4850 + RypReap — ZJMWRZ] he8 (11)

= =H

Here and in what follows, []J = V,V and a bar indicates that the quantity is evaluated on the back-
ground; the indices are raised, lowered, and contracted by the background metric g, and the covariant deriva-
tive V is constructed with the background metric. The tensor J is defined by

FETIXH, O= ﬁﬁu WAL RN IRV B R R R S B ESRR; fahrryTh, BERgEHEEd s
FUEM g 5epk, MESHV LRHEREMREIEN, K& T e

1_
J,uvoc,@ = 5,141/,056 - Eg;wgaﬁ (12)

where

5

1, _ .
5/.w,0(ﬁ = 2 (g/xotgvﬁ’ + guﬁgva) =1 (13)

is the identity in the space of symmetric tensors.
FEXPRIK B2 ] LA EE R T
The 3 terms can be written in the form
B AT A v M=
wlls s 1. = = 1. =_= 1, _ _ _ )
51'1 [Evyvvva B EguvvaDVﬁ - Egvﬁvuljvoc + Z (guocgvﬁ + guvgaﬁ) O
+

e L, = = 3 . ==
RygVaV, — 2R0G,5V Vo + Ega,ng,lv Vy + Ryansd

Los 5 o \spAlT ©._ 3505 o
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1. - o - 5 1 _
+§gvﬁRWR’; — 8agRoRE - ZJW,;R,ZW]h“ﬁ , (14)

and the terms proportional to y are

M5 y RIE LRI

- — — — o = — L —p—A _
yh*? Vuvvvoc gt guagvﬁljz - ngﬁvyljva - 2gvﬁRup/1aV vV + 3Ru(xvﬁ|:|

- —P= _ s =P= _ s =PA
—4RWP,,V Vﬁ_4gUﬁRPMV Vot_zgvﬁRuocD+guocgUﬁRp/lv \%

. A ==
—28,wRpa2gV V + 4RV, Vs + 28,5R 1100 R — 28,8RP R ypa

P p pPA P AP P p pA PP h
_R;M.pBRUp at 3R;,locp Rvpﬁﬂ — 3R,u/11)pR0£p B 3R0fRyﬁvp

_ - _ 1 _
+2R o Rop — BuoRa* Ry pae — ZJMvaﬁRgm] heb (15)
It can be checked that when arranged in the Gauss-Bonnet combination (y = a, 8 = —4a ) and the

background metric is maximally symmetric, one obtains a total derivative. This gives a nontrivial check of

the results.

AIDASE, RN SH-HANAS (= a, B = —4a) BEREMRREAXNFREIN, RAERE
—NEFH, XBNERIAFE RS,

Gauge Fixing and Ghosts

MGIEIE S Rt

The first attempt at calculating one-loop divergences was made in [8] with higher-order gauge fixing,
but it was pointed out that it did not correctly incorporate the FP ghosts. The problem is that an additional
ghost contribution was missing, which was first considered in [9,10]. But it was not clear why we need such
additional ghosts and later clarified in [11]; this showed it must be there by carefully examining the one-loop
amplitude in the path integral formulation. Here we explain more elegant way of introducing the correct FP
ghosts including the additional ghosts for higher-derivative gauge fixing [12], which is valid not only for one
loop but also for all loops because it is based on the exact Becchi-Rouet-Stora-Tyutin (BRST) symmetry of the
system.

SCHR [8] BRAE BT ATEREDE 2R R RE LR, HIZFRHFREWAA FP B, RIEETE
BRO T —TERAN R A7 ok, X — kiR 5 S [9,10] 1HE, HYSINFFATE R I FRZIX KRS R
Y, JERSCER [11] @S A in g 2R /R RV R EIRIE, BRI T IZ8I BRI ETE L E N, A
XAH—RENENTTE, AIRAGIAER T &M SEFTOE E R EF FP i (RFEESNR)[12],
I EFRT IR R KGR Becchi-Rouet-Stora-Tyutin(BRST) X FRi:, A AR Rz, AHERERER Y
F]AZo



The BRST transformation for the fields is found to be

BASE7H) BRST LN

858uw = —OA[8ov Ve + 8ou VP | = —8AD 50,

Spck = —8ACPV 04, 8¢, = i6AB,, 5B, =0, (16)

which is nilpotent. Here c¥, Cus and B, are the FP ghost, anti-ghost, and an auxiliary field, respectively,
and 84 is an anticommuting parameter. The gauge fixing term and the FP ghost terms are concisely written

as

BEMRREN, AL c#, ¢, . B, 72HIN FP Y7, RRGINEBN, 12— DRNBSE. HITE
Ii] 7 OUR FP S5 0 ] DASRT 7 15

LGF+FP/V -g= —iSB [C_ﬂYMU ()(v - %Bv>] /62
= B, Yy, — 6, Y* (VADy, , + bV, D} )P — %B#Y””BU

1 a~ = L
= %)(MY“”)(U - EBMYMUBU + ¢, YH Agp 1P 17)

where

=

= 1
Xu = Vi +bVyh, By =By — =¥y (18)

are the gauge fixing function and a field imposing the gauge condition, respectively, Y is a derivative

operator for higher-derivative gauge fixing

SRR E PR AR EANAE A5 PR, YR SR S EOILTE ] B SRR AT

Y = =8 -V, Vy +dVyVy, Agp iy = =8l — (1 +2b)V,V, =Ry,

(19)

A
gh,uv
can replace V by V. We see from (17) that we get the determinant factor (Det Y’“‘”)l/2 after we perform the

is the ghost kinetic term, and a, b, c , and d are gauge parameters. For one-loop calculation, we

path integral over §M and FP ghosts ¢, and ¢® . (The factor Y#" in the first term combines into the graviton
contribution.) In the standard way of Faddeev and Popov, the factor of Y can be easily missed [8], but in
this formulation we see why there must be this factor. Note also that the field B, is an auxiliary field for
low-derivative gauge fixing, but here it becomes dynamical due to the higher-derivative gauge fixing with the

factor Y#V .



Agh oy ERIHNEETL, a,b,c Fl d BHTESE, W T REE, BATATLUE vV E# N vV, BHR 17)
A5, ¥ B, M FP Wb, . o MBEBIE, ROVFEHTHRET (Det vA)'2 . (F—mtH

F YW JFANGISIFoT#k, ) EIEFEHRR-IRCRAIARIETT A, Y RIFRAEZPORN [8], BIEA
AIRIR AT AR 2N T, EETER, 7 B, RS BIEEE 2B,
EX R THEF Y& @i SERCEE, BEZR1#E9 T,

We choose the gauge parameters such that the nonminimal four derivative terms §ﬂ§v§a_ﬁ, g M,,I:ﬁoﬁﬁ
,and g‘,,ﬁﬁﬂ[ﬁa cancel. This leads to the choice [18,19]

RATETPTESH, IR NGSEIRY,V,V oV g, 2,0 LIV 5 7l £,V IV S50, 1S8R
[18,19]

1 _ da+p _2r—a

a=——b=——,c—-d=
B+ 4y 4(y —a) B+4y

In order to simplify the gauge fixing term, we will further choose d = 1. Then, the quadratic terms in

1. (20)

the action can be written in the form h*YX;, 45 h* , where

N ARTEEE T, BT — PRI d = 1, HINER R IR A b K, 0gh™ BITE
X, H

2 oot
K =K*+D,V V +W. (21)
The explicit forms of the coefficients are
E S ENIERENI5RWi
+4y (. _ da+p _  _
(K)yv,o{[;’ = £ 2 Y <g,uocgvﬁ + T_’i)gﬁwgaﬁ)a (22)
(D P/l),uv,aﬁ

= _ZygvﬁRap/lu + 47gpvR/la/Jﬁ + (:8 + 37) gp/lRuowﬁ - (26 + 47) gcxpgvﬁR/M
_27gvﬁR,uocgp/l + ﬁg/xvgﬁpRa/l - Zagapgﬁ/lk,uv + 2“g,uvgleoc,8 + zyg;wRoszﬁ

a - 1 o - . o

+ (5R - m) (8uaBup8pr — Buw8ap8pr — 28upBup8ar + 28uw8up8pi)
_ 5 B - P

+27gvpg{3/1R,uoc + ) t+y g,uocgvﬁRp}t 4g,uugozﬁRp/1a (23)

W),

3 - _ _ _ _ _ _ _
= EVgUﬁRMpAURapAU + 47/Rpor;MRvﬁ’P/1 - 7/R/ooz,u/1R'ovﬁ/1 + (;3 + 57) RpuﬂvaotAﬁ

10



- B\ - 1 \/L. 3
+6YRER gy + (5 + y) RuaRyp + (ocR _ 2_x2> (§Rmﬁ + 380Rya - gﬂvRaﬁ)
2 1, o o
+aR;Rap + 3 aR” + ﬁRp/l + pr/lor T2 (R - ZA) (g,uvgocﬁ - Zg#“gvﬁ)

5 _ = = _ = _ = = o = a=
+ <§;8 + 47) gvﬁ’Rupng( - yg;wRapﬂaR,Bp/la - ;BgaﬁR,upRTFI, - (ﬁ + 47) gv,BRp/lRupa/l’
(24)
where we have dropped terms with two derivatives acting on a background curvature and performed the

symmetrizations 4 < v,a < £, and (u,v) « (a,f) .
HrpEATE R TERESE REhR B =S8, HEm TR p o v,a o BH (u,0) & (. 8) o
In order to use the heat kernel formula, we have to put this operator into the form

NTHERRBEAR, BANTERZEATEHED ITEK

—p—A
H=K'K=[P+V,VV +U, (25)
where
Hrp
_ 4 o
K™ = gy Cu™ ~ 088", 26)
with
2
Q=%,ZE4(y—a)+d(4oc+ﬁ). 27)

The form of the coefficients V,,; and U is complicated. First V' is given by

AY OV, MU KERBONE L, BV TR AH

20

4
vei= 2N pk (28)
,3+4y§ .

where

=

k, = g_vﬁgp/lRya’ k, = 5yv,aﬁgp/1’ k; = gp/lR;wcv,Ga k, = 5v,6p/IR;wu

11



_ _ 1 _ _
Ks = 8y5" 8uas K6 = Sy cpRP Ky = 5 (6 RV oy + 0 RY e )
 (eai . 1 _ _
kg = gvﬁagfLRa))’ kg = gv,BR(osz,u)’ ko = by (SaﬁpARlxv + 5,uup/1Roc,6’) >
ky;, = g,uUchplﬁ’ ky, = gcxﬂRup;tv’ ki3 = gﬂvgplﬁaﬁ» ki, = g_ocﬁgp/lR;w’

ks = g,uvagcRZ’ kg = gozﬁ5ﬁR5v ky; = g_;w5oc/3p/1’ kg = g_ocﬁa;wp;tv

ko = gyvgaﬁgp/l’ ky = g,uvgotﬁRp/l’ (29)
and
A
a - 1 1 _
b1=—2)/, b2= ER—H, b3=,3+3}/, b4=2]/, b5=m—CCR,
b6 = g + y, b7 = —4)/, b8 = —Zﬁ —_ 4‘]/, b9 = —2]/, bIO = —20(,
by =4yQs, by =y, biz = —pQs, biy =a, bis =2BQ;3, big = g’
_ 0O —2Q o - 1
by = 2aQ3R — 127 big = 5R = 15, big = =bu7, by = Q.
(30)
where
Hrp

10+ 36+ 2 3a+ 6 +
Q= zﬁ Y Q= Zﬁy, (31)

with D] given in (27). Next,

> B @7) Fthe K,

(U)’uy,aﬁ

3 _ 2 _ _ _ _ _
T Brdy [EygvﬁRMpMRapﬂG = YR P Rvgp + 4V RocyuaRug

37 (RoR oan + RoR o) + (g + y) Ruakos — L8upR ook,
1., o o o - 1 _ _ = _ 5
+ZS (ng/wgaﬁ - guagvﬁ) + (ER - 4_1{2) (RMOWﬁ +38vsRua — gaﬁRle)

12



5 - = _ _ - =
+ (55 + 47) gvﬁ’RyaRgz + (B +5y) Rpu/lvaaAB - ggcxﬁRuaRg
. 5 _ 5 5 - 1 I
_7/91g,uvRot,o/laRﬁpMr - IBQIguvRaaR% + aR/.thoc[.»’ + <EQ3 - OCQIR) g/.wRoc[.»’

1 - o - .=
+77 (R—40) 08,0 8as — (B +47) gyﬁRP‘Rﬂpm] : (32)

where we have defined

BAHERE X

_ _ _ 1
S? = aR* + BRZ, + yR?

uvpd T 32 (R - ZA) : (33)

These results are given in Refs. [18, 19].

JXLegh B LSRR [18, 19],

General Formula for One-Loop Divergences

R KR — R A

Correcting the errors in [8], the results for one-loop divergences were given in [9, 10], but they still con-

tained errors, and this was corrected in [16]. Here we give the correct results using heat kernel expansion.

EIESCHR [8] HHAVEEIR)E, SCHR [9, 10] 45t T B REIZ BUVEE R, (BNfAEREIR, IXLEFHIRTESCHR [16]
PSS TIEIE, ASCEAIA R T4 tHIEWZE R

The partition function for the one loop is obtained from the quadratic terms of the action as

BRI o7 bR EA] R E FER —IR TR 2, 0N

7 = Det(A)™2 (34)
for a real scalar field. and the effective action is given by
XM SRR, ARERRE N RS
1
'=-logZ = 3 TrlogA. (35)

If the fluctuations are anticommuting fields like the FP ghosts, the sign should be opposite. If the fluc-
tuations are complex fields (or independent two hermitian fields), the front factor should be 1.

ARBKE R FP RIXE R AN B, MFEMNEBUR, WRKEREY @H MESZEXT), wiERT
N 1o

13



Suppose we know the eigenvalues and eigenfunctions of the operator A :

BIZBNERERF A FIAEEFI ALK £

A¢n = /1n¢n (36)
Then we can evaluate (35) as
FATA] LK (35) Tt
LTrioga =13 10g2 (37)
2 g - 2 ~ g n
We define the zeta function for A :
AT A LR
(e B 1 (9] 3 _
iy (s) = Z A5 = m/ ders1 Tr (e714), (38)
n=1 0
and obtain
=3
Lo logA = —= —_1df 1 oodtts‘1 Tr(e™'?) (. 39)
2 $=0 2ds|T()) , o ’

For a differential operator of order p in d dimensions, the heat kernel e~2 has the expansion

XT d FES BB p B BT, B e 2 il AT RITR

Tr(e %) = f ﬁ\@ iobm () t@n=dip, (40)

Typically we have the operators of p = 4 and p = 2. The formulae are given separately. The divergent
part of the effective action for p = 4 operator is evaluated as

HEHBANEES p = 4 1H1 p = 2 ENEFF, FTXHIGHAI p = 4 BN NA R ERBRIAHEL
MR THREE RN

1 Uut d-2
F(4)=——f(4 )d/z\/_/ \ b+t T_1b2+---+t‘1bd+---]
/A%,
1 d?x A AP Ady
=_- /(4 )d/z\/g[d%bﬁ(d 2)/4 +10g bd+ ﬁnlte]

(41)
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where the heat kernel coefficients are given in section "Contributions from p = 4 Minimal Operator.”

Here Ayy is an ultraviolet cutoff which should be distinguished from the cosmological constant A .

HAPRWREIE “p = 4 BNERFIITTE” —T4aH, AL Ay BEIMENT, FETFHAERA X
%ﬂ:o

The divergent part of the effective action for p = 2 operator is given by

= 2 BN AR EH BRI BRI R REGH

1 dx s -4, -4
F(2>———f \/Ef dt[t 2 by +t 2b2+---+t‘1bd+---]
@7 sz

1 d4x
=73 f(4 )al/z\/g

Ay AUV Ay .
d/2 bO + — b2 + -+ log de + finite |.
2

(42)

These are relevant for the contributions from the ghost and the operator Y .
IXEEEESR 5 BT ERRI LT Y A DTG,

In our present case, the graviton contribution (25) is p = 4 and the ghost contributions are p = 2. So the

one-loop part of our effective action is

FEASHIER S, 51070k (25) N p =4, RN p =2, KEBNTEREHRERER DN

rl-loop — % Trlog F — Trlog Agh - % TrlogY

= —/ zz;:)z\/g [A?JV (bo (F) = bo (Agn) — %bo (Y))

+A%y (2by () — 2by (Agn) — by (V)

2

+logA (2by (30) — 2b, (Agh)—b4(Y))]. (43)

Now we start the evaluation of these contributions.

BAEBN DA THRIX L BTk

Contributions from p = 4 Minimal Operator

KH p =4 BN Bk

First we have to evaluate the contribution from (25) which is p = 4 minimal operator. The coefficients

in the heat kernel expansion for spin 2 are [13]:

15



BRBMNFEIRK (25) F p = 4 NERFRITTHR, e 2 FIRZRITREBAN S [13]:

T'(d/4) d(d+1)

by (F0) = @R 2

(44)

by () = s o tr | =+ oo

r(d-2)/4) [R 1
T d-272) "6 2dV‘ﬁl]’ (45)

L) [lpp  Lpoy Tgeyl

ba (P = Jri@=2)72) | 90 Reror ~50Rer T 3 6

2
A _ 2
Q,0Q d—2U

1

NACE) (2R, VPA —RVP,) +

1 A 2
i@ VeVt 2Vl

1_ - d+4 2(d +1) =r=4
—[R+ ———[V°P,— ————=V V V1], 46
TR s e T 3@ — g o2l (46)
where 1 is the identity defined in (13) and Q,, is the commutator of the covariant derivatives acting on
the tensor h® : Q= Wp,il] . The traces should be taken over the space of symmetric tensors with

identity (13). These give tr(1) = d(d;l), tr (o1 Q%) = —=(d + 2)R2, 15

ok 123 (13) SRR, Q. BIEAIERE b 0, = [V,,V,] L St
5T B AR (13) AOHAR RN L, HEERN r () = 2 r(Q,,00) =

2
~([d+2) R,

We need more explicit formulae for the traces. Because these are very complicated for general dimen-

sions, we give the results for d = 4 and omit total derivative terms. We find

BMNFEERHRANE AKX, BHTREREFOHEREER R, TXEGH d = 4 NEEFRHFE
i RO, A2

R A

trU = 0K U 0p = ARG o) + ARGy + AR = Ay — A, (47)
where
Hr
8 4 1 22 2
Al:g,A2=§+?A3:§+?,A4:3/1,A5=§(84/1—§), (48)
and
H
/> P2 R
tr(VoR) = BiR? — B, —, (49)
where

16



5

68 321 2
B =——=+ 25, B, =201+ =,
1 3 + 3 ) + 3
Next,
B,
oAp B2 2 R
tr(VPAR,,) = CiRZ, + CR -G
where
Hrp
8 81 19 104 £
Ci=z——,C=—= , 3= =51+ 2.
173 3 2 3 + 3 3 +6
Finally,
®a,
L (vPVA) + & tr (v, vPY) = D,R2 D,R2 + D;R? DR DL
@r(p /l)+ﬂr( 02 VP') = DiR},,,; + DyRyy + DsR? — a2t D52
where
Hrp

2(18% + 648 + 11387) 576/ — 24018 — 478

D1=67 D2: 27%—2 ’ 3 = 54§2 5

—180A2 + 30A¢ + &2 18042 + &2
D, = , Dg= ———=2-,
18¢ 72

Contribution from the p = 2 Nonminimal Vector Operator

KH p =2 dEBNRBERATH sk

(50)

(51)

(52)

(53)

(54)

To find the contribution from the ghost operator, we need the contribution from p = 2 nonminimal

vector operator. The general form of the p = 2 nonminimal operator is

NTRKGRFEFHITIH, TAFERE p =2 ERNREE TG, p = 2 IFRANEFH—BIE

EaW)

—M—0
A=—-gf]+aV V +XH.

17
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The coefficients in the heat kernel expansion (40) have been calculated in [14]. For the general case, we

have

PIZETT (40) HRYRBETE SR [14] HEH . N TSR, FITH

bo=(1-a) " +d-1 (56)

—d/2
) x

d>—d—-6 —d26+(1—-a)d\- 1-d—-(1-a
b2=<T+(1_a) 2 (6d )>R+ (d

(57)
d—16+(1—a) 2

— p2
ba = 180 Riwver

—d/2

1 -y [—360d —(d*—d?®+116d*> — 296d — 360)a+ (1 —a) " [-360a

+180ad (@2
+4(90 — 74a + 2807 + a*) d — 60a (1 — a)d? — (1 — a)’ad?]| R2,

1

_r _ o
+72ad(d2—4)[72(2 a) + (16d — 16d2 — d3 + d*) a

+(1- ) ?[-72(2 - a) — 4a (@ + 4a - 14)d + 120 (1 - @) & + a(1 - )’ d’] | R?

—d/2
)

{—24 +12a+ad? —ad®+ (1 —a) ¥*[24 - 12a

1
*Sad (@2 —4) [

+2a(a—4)d—a(1—a)d*|}RX + 2{-12a + 4(3 - 2a) d + 5ad?

+(1—a) " [12a—2(6 —4a+a?)d+a(1 - a)dz]] Ry XM

—d/2

+3{4—2a+ad+(1—a) (—4+2a+ad)}X2+3{4a—2(2+a)d—2ad2

—d/2

+ad®+(1-a) [-4a+2(2—-a) d}] X, XH#] + (total derivative terms),

(58)
where X = X}, .

Hpx =xt,

18



Contribution from the Ghost Operator A,

RIAERIER A,

For the ghost operator Agj, in (19), we see that we have a = —1 — ;zjjﬁ) = 0g and X, = —R,, in (55).
The above formulae give, ford = 4,
XFR (19) FIIRIFF Mgy, ATRR (53) IFE 0 = —1 = 22 = 0 1 X, = R0 HRAR
e, Y d=4aHt,
-2
by (Agn) =(1—0g) ~ +3, (59)
602 — 130, + 10 _
by (Agn) = ———5—R, (60)
6(1 — o)
~11.- 202 + 260, — 43 _ 5062 — 100, + 8 _
b, (Agh) - @Rivm _ "8 g 2 g g R? (61)

+
0(1-0c,)  36(1—ap,)

Contribution from the Additional Ghost Operator Y

WIMLRF Y BBk

For the operator Y in (19), we first note that [Vw 60] x’=-R wX* - Using this relation, we find that we
ay _

havea—1+26

= oy and Xy = R,w in (55), and the above formulae give, ford = 4,

MFR 9 HIET Y, BATERERES [V, Vo] 1 = —Rux® . FIAIZRR, FATAIHIK (55)
EF‘T—Ea—1+2; L =0y X, =Ry, HFd=4, FRARGH:

bo(Y) = (1—0y) " +3, (62)
-2
b, (Y) = m (63)
-11 43 1.
by(Y) = 150 —=R% i+ 90Ri2w §R2. (64)

One-Loop Divergences and Asymptotic Freedom
B Rl A RS Wi i

We are now ready to calculate the divergences in the quadratic curvature theory on the general back-
grounds. For this purpose, we need to know the heat kernel coefficients. In this section, we restrict the

dimension of our spacetime to four.

19



BATIECLA] IR T = T ZREREIC PR R MEBAIRERESMZ R, AT
Rt s 4E R RR 2 P04k,

Putting the results for 7 into Eq. (46), we get

1 70 MZERIAAI (46), BAN1S2]

bo (H) =5, (65)
by (%) = @ [% + %(BlR - BZ%)], (66)

_ 1 1
by (7€) = [RWP,1< —A +D1> wa(g +4,+2C —D2)

5 1

] 1 1
+R2(ﬁ—A3+12 6C2+D3)+ R(A4 Lp il - )

12 6

1 1
+ <AA5 + EDS)] , (67)

where the constants A4;, B;, C; , and D; are given in (48)-(54).
H# % A, B;, C; 1 D; HI3X (48)-(54) 4t
Collecting other contributions from ghosts and Y , we finally get

ICESKRE R Y RIHALTTNE, BATREZEE

4 2
[l-loop — _/ d’x H 133c2 + (10/1_ 5/1 + i)Rz - ﬁE

2(4m) §& & 36 45
BOA-=E(@L+ ) 841 —¢& 18042 + &2 A?
126x2 Re2=g =M+ —5atlog M_gv
14478 — 24(7 + 60/7) £ +2(59 + 45\/7) 82 — (29 + 14/7) £3
B 12(31-¢) &
L VEG0 -9
12x2 }AUV

| 25922* — 3456°E + 30247E% — 124848 + 25754
72£2(30 — £)°

(68)

Note that the coefficient of the Euler term E is independent of any coupling, in particular of its coupling
p . This is to be expected, because the Euler term is a topological term and is a total derivative itself, and as
such it does not contribute to the Hessian and therefore to quantum effects [21]. Thus it is a universal result
that it is independent of the coupling p whatever the approximation is (beyond one loop).
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EEWHIN E R T RS, THMRTEB SRS oo XFFE R K BRI
BRI, RS RS, FILE S BIERERE TR, BEMBA 200 & 7308 A4 BTk
[21], R, TEifIAmail (FRRER AL, ZRBEMRIG TG o 22— MEIEHIE,
The correspondence between the cutoff and the dimensional regularization is log A#—azv « ﬁ and one
can try to compare the results with the existing literature (see, e.g., [16, 22]).

W IE NI S 4EBUE AL 2 RIS N SR RN log% o ﬁ , FATA] AR5 R S P0 A STk ER R (]
w16, 22]).

Note also that there are strange terms with coefficients ﬁ in the quadratic divergences. Indeed, if we
consider the minimal operators F; = ]+ B and F, = [] + B and consider the quadratic divergences of
Trlog (F,F,) , it appears that we get such factor of \/7_1' from the formula b, in (66), whereas if we write it as
Tr log F; + TrlogF, , we do not get /7 as is clear from (57) for the same quantity. This clearly indicates that
the coefficients of the quadratic divergences depend on how we calculate. Thus the power divergences are
not universal and do not lead to physical effects like renormalization group scaling. The above results are just
those obtained by the naive application of the formulae but should not be taken seriously.

EHRER, AP EEREON r MRED, Fb, MREMNZBESNEFF =0+ R
F, =0+B, JF5 Triog (FF,) K —ER, BMTEM (66) A b, 155 /7 XAEHIHF;
EANRBA TR G Trlog Fy + TrlogF, , AHRFE—RHIR (57) ATRUEHL, TAWEFAR /7. X1
R IR BB RBUR T AR R BB BAEIENE, A A28 EE
PRI BRI, RIRGE R IR ATAR N AR EINLEIE, FHAmTE,

On the other hand, the logarithmic divergences are universal. From the coefficients, we can determine
the beta functions for the dimensionless couplings: recall that together with the bare terms, the coefficients

of C? should give the renormalized coupling

77, MEEBUREIER, BRI DNREISZIICEIRESHY g % MR —T, 45EaHIM, C?
HIREN 25 H R &

1 1 1 A2
B 33 log A0V

— = . 69
20r 24 (47)’40 8 ©

Since the bare coupling A5 does not depend on the renormalization scale u , differentiation of the expres-

sion with respect to log u gives

HTHEE 1p TMT ERMUARE u, XNRIERXKXT logu RIFA]F

1 dig 133
SRy hecke S N (70)
22" du (am)’20

Omitting the subscript R , this gives the beta function of the coupling 4 :

BEPMRRIE, BANSEHRES 289 B EE:
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di 1 133
&L g =——— 20 71
i Ba (@) 10 (71)

Similarly we find the beta functions for other dimensionless couplings:

[FIBRERATTA] 15 Hf TE B AR S Y B PREL:

1 5
B = _(471)2 (10/12 — 518 + %52)
1 196
o= T 5 7

The first equation (71) tells us that the coupling 1 goes to zero from positive A . Similarly the other
couplings also go to zero. This is known as asymptotic freedom [9, 10, 16 — 20] . However it has recently been
discovered that there are fixed point at finite values for these couplings [21] in addition to these Gaussian fixed

points. See, however [23].

BN 7D HIREA], #EANEEA TS, HEE R TF, X231
FITE B [9,10,16 — 20] » {HEIEWFR A, BRT XSRS EAN, XEBESTEESRELTT
EARBNAE [21], 5B WKk [23],

Divergences for f (R, R,) Gravity

£ (R.R2,) BB

As an interesting case of higher-derivative gravity, here we present the one-loop divergences for f (R, R ,w)

gravity on the Einstein space [24]:

TER RN SEG IR — ARG, WAERS HZRBUEAE E f (R Ry,) 5171HI B ER AL [24]:

_ R _
R/,w = Eg,uv- (73)

Moreover we consider a general parametrization of the fluctuations

SNBSS Rk 1 — = 2l

8w =8uw + 5g/,w’ (74)
where the fluctuation is expanded:
Hrp ks RN
88y = O8iis + Ogf + OZr + ..., (75)
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where gﬁﬁ,) contains n powers of h,,, . We will parametrize the first two terms of the expansion as follows:

Hr sgi) B8 n ik by, Bk, BATRRIFHIRTRTHEN T RS 8UL:

884 = hyy + M@,k

(2) _ 1 — 1 -
8gv = why,hPy, + mhhy, + m <co - E)gﬂvho‘ﬁhaig + Enguvhz'

It is convenient to use York decomposition

{5 P25 7 e 5 75 (8

=, =, == _ 1 =2 1_
hyw = i + V€ + Vo€ +V, V0 — ag,wv o+ Egl‘”h’

where

=

—u _
V hjl =0; g*hl) =0; V4 =0.

We then find that the Hessian is

BAIREE 1S B FRZEREFE N

S@ = f dix\g [RLTHTTTTH 4 &, HESER + 0HO%0 + oHO"h + hH" o

+hH""p]
where
Hrp
HTT — 411 fo (ALZ — %) — fR} (ALZ - 2d_R) -(1-20)1+ md)ﬁ] ,
(79)

HEE =

_(1—2cu)(1+md) (ALI B 25)~

Ea
2

1/d-1\ R
H% = 5(7) [PALO (ALO - m) + QA

d(1—20)(1 +md) ~ R
- 2(d—1) E:|ALO<ALO_ﬁ)’
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(77)

(78)

(80)

(81)



d—1\’1+md R R
HJh:(—d ) > [P<AL0——d_l>+Q]AL0<ALo——d_l),

(82)

Hhh = <d_1)2(1 +md)’ P(ALO - dLil) + Q(ALO - %)

d 2
1 —-2(1-2 ~
LAl md)d =20 = 2)] 5] 53
4d-1)"(1+md)
where Ar,,A;; , and Ap, are the Lichnerowicz Laplacians defined as
HAr Apy, Apy #1 Apy BRATND ET R SRR T, € XN
—2 _ _ _ _
ATy = =V Ty + RyP Ty + RyPTyp — Ryupyo TP — Ryypy TP,
_2 _
AnVy ==V V,+ RV,
—2
AgS=-V S (84)
and the subscripts on f denote derivatives with respect to its arguments:
f RN B BRI S
fo g O O, O . O (85)
R™oR /X~ ax* JRR ™ gRa” /RX™ gRax*™ IXX ™ ox2°
with
Hrp
X =R, (86)
We have also used the shorthands
PABEER THE
P = fon+ R iy + 4R fax + — % (87)
— JRR dz XX RX Z(d—l) X
d-—2 - 3d*-10d+8;
= + R 88
and
H
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~ = 2. 4R?,
E=f-gRfr—z k=0

is the field equation evaluated on the Einstein space (73).
B2 NHTEZSE] (73) LR AR,

Our gauge fixing is

FATHIRITEE €
1 —_
SGF = Z'/.ddX\/gg’quMFv,
with
Hr
= b+1=
B, = Voh®, = ==V ,h,

and a and b are gauge parameters. This can be rewritten as

Ha® b MRESE. EXAIKEN

_ 2

1 - 2R
Scr = —%fddxx/é 'fu(Am - 7) gx

2
(d—1-b) R
+T)(ALO(ALO - m) x|

in terms of the new field

ik k]

__(@d-DAKR-R _ bA+dm)
S (d-1-b)Ap—R™  (d-1-b)A—R"

where b = b/ (1 + md) .

;H;':Pb=5/(1+md)o
The ghost action contains a nonminimal operator

RIER B E —NMERNER

_ 2 — — _
Sen =ifddx\/§C“ (5;1V +<1—2%) V.V +R,,”>Cv.

We can rewrite this as

25
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(90)

(o1

(92)

(93)
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BATRRHESE Ny

. ~[ = 2R
Sgn = zfddx\/?g[cm (AL1 - ?> cr

d-1-b ., R )
+ZTCL<ALO - m)cL] (95)

in terms of the transverse and longitudinal parts of the ghost field:

PR H IR 73 SN AR 7 2R

c,=cr+v,ct=cT+ ?ULC'L (96)

VAL

and the same for C . This change of variables has unit Jacobian.

HX C fFEACE, %38 B A HE AT EeAT A1 200 B F

Sgn = ifddx\/é[ém (Am - %) cr

d-1-b -, R , L]
+2———C <AL0 d_l_b)c . (97)
Unless we (1) set w = % or (2) putm = _c_lz or (3) go on shell, the effective action is gauge dependent. If

we impose the on-shell condition (89). the effective action is gauge independent and is independent of w and

m . In this case, we find

BRAERIT () Mo =1, Q@) Wm= —% , B (3) TR RAETEARAT, I R Y B TR B

2

ARANEAETSAF (89), ARUERBERUZMIETERN, HS ol m Ik, HEIHEN FTEIEE]

4R fr) . 1 2R
I‘=—Trlog(ALz—7—]];—}1;>+§Trlog<AL2— d)
1 R Q 1 2R
+z Trlog (ALO - ﬁ + F) - E Trlog <AL1 - 7) . (98)

If fX = 0, the first contribution is absent.
HE fxy =0, NE—TEECNE,

The divergent part of the effective action can be computed by the heat kernel methods. On an Einstein
background in four dimensions, with the help of the heat kernel coefficients for the Lichnerowicz operator
summarized in Appendix "Heat Kernel Coefficients for p = 2 Minimal Operator,” the logarithmically diver-

gent part is found to be [24]

AREHABIABER 2 B R AT E, AT 4SRRI Z RS &, HSx “p =2
BRI AR ST LS EFNS AT RFRERE, BOMSERECLRER N [24]
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_ _, 300Rf,
Tiog () = f d*x\/3 10g< ) [—826R§,m + so9k? — S00RJR
720(47r) X
9003 N 240R (3fz + 2Rfx)
f2 8fx + 12fgr + 48R frx + 3R%fxx
320(3fx + 2Rfx )" l 99)
(8fx + 12fxg + 48R frx + 3R2fyx)”
where Ayy stands for a cutoff and we introduced a reference mass scale u .
Hrp Ay (RFBWT, BATIINT SEFREE 1o
For the choice
XF ke
f(R,X) = aR? + X, (100)
it reduces to
(SCIESH ]
i} _ A\ [ 413 1200a2 4 200a — 18362
Flog (&) = g 5 ) | 555 ives - 24072
(101)
which is the standard universal result in higher-derivative gravity.
IXHE = FEG ) BRI E S R
On the other hand if we put
77, HHATH
fFRX)=f(R), (102)
we obtain
G2
A} 71 . 433 _ fzrR f2
5) — 4 Auv 2 2 R __JR
g (8) = d x\/_10g< )[ 120RWW " 144OR " 12frr  36f3r
(103)

which agrees with the results of [25, 26] .

X5 [25,26] LR —E
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Appendix

(B

Expansion of Curvatures up to Second Order

BN

Here we summarize our conventions and formulae necessary in the text. We give these such that they

are valid for any dimension d .
BAEMICREXFRNAE S AR, SAHNESERMEREEE d B,
Our signature of the metric is (—, +, --- +) and the curvature tensors are given as

BANIERFFSZEN (-, +, - +), HIRIKEE T

— A A
R%g = 8,18, — 6,18, + T4TE — TS,

Ryp = R%p (104)

The backgrounds are denoted with overbar. Expansion around the background gives
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HR A _ EXIEARIE, BSEE /BTG

= 0+ 05
where
Hr
o0 = L(§ pe 4 ¥ ope T
MY —_ z v u + )% y uy | s (106)
1 —_— —_—
L’ = _Ehaﬁ (Vohg + Vihos = Vghy). (107)
Note that
1 1
JE=V=F [1 +hod g (R = 2h2) + o(m)], (108)

where h = h,u“ . We find, to the second order,
Hrph=ht, BRI, BIZFrNIE,
= = (1 =2
R'uvaﬁ’ = R'uvocﬁ + R'ugzo)cﬁ’ + R#S)O)c,@’
1/= = — —u — = — —u
REOG = 2 (Vavvhg‘ — VoV hyg = VaVohE + V5V hw)

_ 1~
+ Ruyaﬁhuy + ERMyaﬁhgs (109)

N

@ __ 1wy (v v v
RGp = —3h" Vg (Vghyy + Vyhgy, =V, hys)
LS h (Vshy, + Vohg, — ¥,k
—7Va (Vghoy + Vohgy = Vyhug)
LS (T okl + Yokt =V h
g Vrha (Vo + Volg =V fug

—}ﬁ”hay (%h{ + V- ?yhvﬁ) —(aoB). (110)

Similarly



@ _ 1o 3 15 v v v
Ruo = EVM (haﬁvvhaﬁ) - Eva {haﬁ (V#hvﬁ’ + Vohyg = Vﬁhﬂv)}
1/= = g =P ST Al
—Z Vuho( + vahlu - v ha# (Vﬁhv + vvhﬁ - V hﬁv)
1= - a Y Lo =
+Zvah<V“hv +V g -V hﬂv),
RO — §Mhu —Oh — R,,h#,
rR® = 1§ (nasv’y LS., (heB (2hg — Voh
—zu aB _5 oc{ ( (I /3)}

_ _ _B _
<vﬂh§ + Vo -V hw> V ghot

P

a v\ T 1 afvy v
(zh -v h)Vah+§h VaVgh

N

+
Luws (%8 . % aB o a D M1 va
39 E R v 2 o+ o0 o'’
= Zvah,wv hH*v + hlwljh'“ — h“ + h’uV h— ZthV h® + h,wV V h
- —a — =k
VeV B = TV RV B+ Ry shThS, (1)

—U —
where h, =V hy, . Note that g*Riy # RO because the latter has additional contribution from h* R w

When total derivative terms are dropped, R®) makes the contribution to the action

=z W= - 3 N 5 b N4
S hy = Vg o R gORD) £ Y, RRIENIEEEIERE hOR,, IABITIR, Y%L
U5, R XMERERNTIECY
R® o 2 (o TR + hOIh + 20, + 2Regh B + 2R 3, 5h/ 1) (112)

We use the notation =~ to denote equality up to total derivatives.

BAMERILS ~ FREFAEMEZE D EFEHIE LT EAL

Heat Kernel Coefficients for p = 2 Minimal Operator

X p = 2 BUMRE IRV R L

—2
For minimal operator A = —V + E, the general formulae for any spin are
—2
NTFWNEF A==V +E, EEEREAARXMT
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~ 1- .
by=trl, b, = -Rtrl —trE,

6
by= — (Rs — B2y + 2R2+6V R)trl + - rE2
4—@ wap ~ MV+§ + T +§I'
1_ 1 1=2

where Q ,, = [gu, ?v] is the curvature from the covariant derivatives for each spin, and the traces should
be taken using the identity 7,,, for the vector and (13) for the symmetric tensor. The formulae in section
”Contribution from the p = 2 Nonminimal Vector Operator” are for spin 1, but with an additional nonminimal

term.

HH1 Q) = [V, Vo | B& HHEESBEIER, RBH 3 A EEREFR 1, , HFRKEER
(13) Ko “KRHE p =2 I PABEFHITTI” — TR M ARE 1, HZ T —DNERNIT,

Using these formulae (113) to the Lichnerowicz Laplacians (84), we find, for spin 0,

XA (113) AT RadP garhng hiliiE 1 (84), HANFE T BBE o,

1-
bo (Aro) =1, by (Arp) = ER’
1 (52 52 552, c°h
b4 (ALO) = ﬁ R,uvotﬁ _R;,LV + ER + 6V R N (114)
and for spin 1
X+ B 1
d—=6
bo (A1) =d, by(Apy) = TR’
_d-15, d—90_, d-12_, d—5=2_
by = TR 180 Ry, + 7 R + 30 V R, (115)
since Q,Ay = RypagAP = (va)aﬁAﬁ and
T Qe = Ryuaph? = (O0), 47 i
tr Qfy = RypooRFP% = —R2, 5. (116)
For spin 2, we find
X EBE 2, TS
dd+1 d?—11d — 24 _
by (Arz) = % by (Ary) = TR’
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d? —29d + 480
by(Arp) = ————

d? —359d — 1080 -,
360 Rivag ~ 360 Riav
d?>—23d—-48 ,, d?>—9d—-20=2
117
* 144 R+ 60 v E (117)
since (Qf,) R R

af.po = RuuayR*™ 080 + RuvapR* g + RywpoR

BT () =R

af.po Y

ap + RuvpyR*Y 584, and
R 1855 + RyupaoRM g + Ryuwpo R p + Ryungy R 58ap M1

tr(Q7,) =

({sumovera =p,B =c}+{sumovera = o, = p})

=—(d+2) Rw,ay (118)

These are the results when the fields do not have any constraints. If the fields have constraint such as
transverse, suitable subtraction is needed for spins 1 and 2

ARG TEAEATLIRINAIEE R, AR AERANX LR, WIFRZ B BE 1 A0 B B 2 (#40E 5 i8I0

Spin 0 does not have any constraint, so their heat kernel coefficients are the same as above. For the
transverse spin 1, we have b, (A]) = by, (Ar;) — by, (Ar) . Hence

HIE 0 NMETEAEMLAHR, FHHRERISE FIRGER -8, N TMPEE 1, 16 b, (AL]) =
bn (ALI) - bn (ALO) o IH:

d-—17
bo(ALT)=d -1, by(a.]) =

TR’
16 - d—-91 d—13- d—6=2_
T 2
by(AL]) = TRim 150 ——R}, — R+ =5V R (119)
For the Einstein space, b, (A, ) reduces to
T ZRSHEZER, by (Ar,) RN
—16 5d% — 67d + 182 - d 6=2_
T
by(Ar]) = 8 ———Ri 00+ 360d R? T V R. (120)
Similarly those for transverse and traceless spin 2, we have b, (A7) = b, (A1) = b, (ALT) —2b, (Ar)
, SO

SRACUHh, XFAEEEICE HEE 2, BATH b, (AL

3T) = bp(Ary) — by (AL]) — 2b, (Arp) , B

by (,17) = @ DE@=2)

2 ’ b2 (ALZ ) - 12 R;
d? —31d + 508 d? —361d — 902 -
by (Ar2") = TR%‘”PG TR2
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(d+1)(d—26) (d+1)(d- 12)§2R'

P2
144 R+ 60 (121)
For the Einstein space, b, (A7) reduces to
HFBEITAZA, b, (a17) fLEH
d* —31d + 508 _ 5d° —127d* + 592d + 1804
TTY —
ba(Bra") = ——3g5 Rieo + 720d ke
—12)=2
+—(d +D( 12)V R. (122)
60
Finally we also need the following formulae which also follow from (113):
RIGBANETRZE LA NRFERH (113) #EFHE AR
bO (A + aR) = bo (A) ’
b, (A +aR) = b, (A) — aRby (4), (123)

by (A +aR) = b, (A) — aRb, (A) + %aszbO o).

We can evaluate the one-loop divergent part (42) of the effective action (98) by using Eqs. (114) and
(119)-(123).

FATTAT AR (114) F1 (119)-(123) HHEREA R R (98) BRI R B2 (42)
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